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EXAMPLE 5.1 A Simple Limit Revisited

1

Examine lim —.
x—0 X
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EXAMPLE 5.1 A Simple Limit Revisited

Solution
We write
: _ ]
[Im — = o im — = —o¢ > X
x—=0t X x—=0" X —3
I+ mnnrtfant +n nnta that \uh”a 'I-ho
L II[J Ftant to note tnadt wWnilie tne
I|m|ts do not exist, we say that they f0)]
“equal” oo and —oo, respectively, only !’
to be specific as to why they do not
exist.
Connec t .
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EXAMPLE 5.1 A Simple Limit Revisited

Solution

The graph approaches the vertical
linex=0asx - 0.

We say that the linex=0is a
vertical asymptote.

—104%

Finally, since the one-sided limits

do not agree, we say |

lim — does not exist
r—0 X

m .
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EXAMPLE 5.2 A Function Whose One-Sided Limits Are

Both Infinite

Evaluate lim —.
x—0 ,XTZ f(-*?)T

—p» =

Y flx)
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EXAMPLE 5.2 A Function Whose One-Sided Limits Are
Both Infinite

}_!‘
, A
Solution

Since both one-sided limits agree

(i.e., both tend to ==), we say that
1 AT

xr—0 X~

This one concise statement says
that the limit does not exist, but
also that there is a vertical — i
asymptote at x = 0, where f(x)>eo 3 3

as x > 0 from either side.

C?mect .
eamn .
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REMARK 5.1

: : o
It may at first seem contradictory to say that lim —

r—0t X
does not exist and then to write
]

lim — = o0.
x—0t X

However, since o< is not a real number, there is no

contradiction here. We say that

, ]
lim — = o0
r—0t X

to indicate that as x - 0%, the function values are
increasing without bound.

Learn . . . .
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REMARK 5.2

Mathematicians try to convey as much information as
possible with as few symbols as possible. For instance,

1 .
we prefer to say lim — = oo rather than lim —

y—0 x2 x—0 X~

does not exist, since the first statement not only says
that the limit does not exist, but also says that
increases without bound as x approaches 0, with x >0

x <0.

or
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EXAMPLE 5.4

Another Case Where Infinite One-Sided
Limits Disagree

_ x +1
Evaluate Iim .
x——2 ()C — 3)(,‘{ + 2)
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EXAMPLE 5.4 Another Case Where Infinite One-Sided

Limits Disagree "
Solution | 107
There appears to be a vertical mx; |
asymptote at x = 2. Further, the
function appears to tend to oo as i L

|
X >-2* andto-ecasx>-2-. * |7F
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EXAMPLE 5.4  Another Case Where Infinite One-Sided
Limits Disagree

Solution  Verify the signs of the one-sided limits:
x+1

Ihhm — 00 Since (x + 1) < 0, (x —3) < 0 and
Y— 2+ (X — 3)(}(? —+ 2) (x+2)=>0.for—2 <x <« —1.
— +
x+1 |
lim — —00 Since(x+1)<0,(x-3)<0
X——2- (X — 3)(}(: + 2) and (x +2) < 0, forx <= —2.

There is indeed a vertical asymptote at x = -2 and

. x+1 .
lim does not exist.
x——2 ()C — 3)(17 + 2)
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O Limits at Infinity

We are also interested in examining the limiting behavior
of functions as x increases without bound (written x - o)
or as x decreases without bound (written x - —oo).

Conne t
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O Limits at Infinity

1 |
Returning to /(x) = ~,We can see that as .x — 00, — — 0.

N y
In view of this, we write lim — = 0. 4
r=oo X 10-
Similarly, lim — =0.
X——00 X

The graph appears to approach

the horizontal liney =0, as x -
o andasx 2> -eo. Wecally=0a
horizontal asymptote.

—10

Conne t
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EXAMPLE 5.6  Finding Horizontal Asymptotes

I
Find any horizontal asymptotes to the graph of f(x) =2 — —.
X

A\ Learn .
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EXAMPLE 5.6  Finding Horizontal Asymptotes

Solution

]
As x — o0, — — 0
X

|
So, lim (2 — —) =2
X— 00 X

|
lim (2 — —) =2
X— —020 X

C’ nnnnn t II

— 2+
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THEOREM 5.1
For any rational number r > 0,

]
Iim — =0,
x—+o00 x!

where for the case where x — —00, we assume that

[ = E? where ¢ 1s odd.
q

\C
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THEOREM 5.2

For a polynomial of degree n > 0,
Pu(X) = apx" + @y x""' -+ ap,

we have
. (x) = 00, ifa, >0
o P =Y Lo ifa, <0

Observe that you can make similar statements regarding

the value of lim p,(x), but be careful: the answer will
X——00

change depending on whether n is even or odd. (We leave

this as an exercise.)

Learn . . . . . . . .
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EXAMPLE 5.7 A Limit of a Quotient That Is Not the

Quotient of the Limits

- Sx =7
Evaluate lim .
x—oo 4dx + 3
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EXAMPLE 5.7 A Limit of a Quotient That Is Not the
Quotient of the Limits

Solution

You might be tempted to write

: Sx =7 IILHQO(SX o 7) This is an incorrect use of Theorem 3.1,
11m = — since the limits in the numerator and the
x—00 4x + 3 lim (41j + 3) denominator do not exist.
X—00
o0
= — = 1. This is incorrect!
o0
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EXAMPLE 5.7 A Limit of a Quotient That Is Not the
Quotient of the Limits

Solution

When a limit has the form oo/oo, the actual value of the

limit can be anything at all.

For this reason, we call eo/e= an indeterminate form,

meaning that the value of the limit cannot be determined
solely by noticing that both numerator and denominator

tend to oo.

Connec t
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EXAMPLE 5.7 A Limit of a Quotient That Is Not the
Quotient of the Limits

Solution

Rule of Thumb: When faced with the indeterminate form
oo /oo in calculating the limit of a rational function, divide
numerator and denominator by the highest power of x

appearing in the denominator.
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EXAMPLE 5.7 A Limit of a Quotient That Is Not the
Quotient of the Limits

Solution

Sx —7 ) Sx —7 (1/,‘{) Multiply numerator and
X—00

lim = lim : | |
x—o00 4dx + 3 4x+3 (1/x) denominator by ~.
5—7/x ,

= lim Multiply through by —.
x—00 4 —+ 3/){ X

lim (5 —7/x)
X—00
= By Theorem 3.1 (iv).

lim (4 + 3/x)

X—=00

5
— Z —1.25,
4
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EXAMPLE 5.7 A Limit of a Quotient That Is
Quotient of the Limits

y
Solution A

Not the

5x — 5 T*
lim 2L = 2 =15 J
—oodr +3 4 -
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EXAMPLE 5.8  Finding Slant Asymptotes
AT +5S _,
Evaluate lim and find any slant asymptotes.

x—00 —6x2 — Tx

Slide 23
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EXAMPLE 5.8  Finding Slant Asymptotes

Solution Using our rule of thumb, we have

) 4}C3 + 5 ) 4){3 + 5 (1/){2) Multiply numerator and
lim = lim :
x—o00 —6x2 — Tx x—o00 | —6x2 — Tx (]/){2) denominator by —.
X-
. 4x +5/x? ,
= [im Multiply through by —.
x—=00 —(H — 7/){ x?
= —0C0,
Connec t i

A\ Learn .
% )5 ccccc d © The McGraw-Hill Companies, Inc. Permission required for reproduction or display. Slide 24



Q} 15 LIMITS INVOLVING INFINITY;
~ ASYMPTOTES

EXAMPLE 5.8  Finding Slant Asymptotes

Solution Performing long division:

4x7 + 5 2 7  5449/9x
2 = — ;X _I_ a + .
—6x- — 7x 3 O —6x-—"Tx
The third term tends to 0 as x - oo, so the function
vinlitAac AarnvmvrAaa~ lh +lhA~ ~f+thAa linAaar fiinAtiAan
valutco dpypivualll LIIUDC OT tne iinear tTunctioil
2 7
=__ x/ —
3 i 0

For this reason, we say that the graph has a slant (or
oblique) asymptote.
= M

m
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EXAMPLE 5.8

Solution

Finding Slant Asymptotes
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EXAMPLE 5.9  Two Limits of an Exponential Function

Evaluate lim e'* and lim e'/".
r—0~ r—0F
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EXAMPLE 5.9  Two Limits of an Exponential Function

Solution y

A

Im — =—o00and Iim e' =0 10+

x—0" X X—>—0Q0
5 lim ¢ =0 T
r—0~ L
: —— : —» X
lim — =00 and lim ¢' = o0 -0 =3 : 10

r—0T X X—00 5
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